Occurrence and features of parametric roll (PR) on a weather-vaning floating production storage and offloading (FPSO) platform with a turret single-point mooring-line system are examined. The main focus is on the relevance of motions coupling and nonlinear effects on this phenomenon and on more general unstable conditions as well as on the occurrence and severity of water on deck. This work was motivated by recent experiments on an FPSO model without mooring systems highlighting the occurrence of parametric resonance owing to roll-yaw coupling. A three-dimensional numerical hybrid potential-flow seakeeping solver was able to capture this behaviour. The same method, extended to include the mooring lines, is adopted here to investigate the platform behaviour for different incident wavelengths, steepnesses, headings, locations of the turret and pretensions. From the results, sway and yaw tend to destabilize the system, also bringing chaotic features. The sway-roll-yaw coupling widens the existence region of PR resonance and increases PR severity; it also results in a larger amount of shipped water, especially at smaller wavelength-to-ship length ratio and larger steepness. The chaotic features are excited when a sufficiently large yaw amplitude is reached. Consistently, a simplified stability analysis showed the relevance of nonlinear-restoring coefficients, first those connected with the sway-yaw coupling then those associated with the roll-yaw coupling, both destabilizing. From the stability analysis, the system is
Introduction
Parametric roll (PR) is a resonance and instability phenomenon which can influence different vessels, for example, from fishing to cruise vessels to container vessels. The first investigations on this subject examined its occurrence in following seas (see e.g. review in reference [1] ), while more recently attention has been focused on head-sea conditions confirmed as an important destabilizing mechanism (see e.g. review in reference [2] ). PR is recognized to be induced by changes in the transverse metacentric height (GM) and so in the restoring properties of the vessel caused by the interaction with incident waves and by sufficiently large heave and pitch motions. From [3] , its occurrence is supported by incident waves that do not change much in amplitude and period, that tend to be aligned to the vessel longitudinal axis and are associated with a natural roll frequency-to-incident wave frequency ratio ω 4n /ω = 0.5, 1, 2 and so on. This means that head-sea regular waves with proper period T are the best candidates to cause PR; despite this, such a phenomenon is not recognized as an issue for weather-vaning floating production storage and offloading (FPSO) platforms which are moored without or with dynamic-positioning (DP) support. However, water-on-deck (WOD) experiments in reference [4] on an FPSO without a station-keeping system documented roll instability both owing to interaction with incident waves and large heave and pitch motions, and owing to a yaw-roll unstable coupling. The latter phenomenon motivated the present numerical research activity. A method for violent wave-body interactions, detailed in reference [5] and validated against experiments involving WOD, bottomslamming and PR events, has been extended to include mooring-line loads using a nonlinear quasi-static approach and applied to investigate occurrence of PR and of more general instability phenomena on a weather-vaning moored FPSO. The focus is on the influence of motions coupling and nonlinear effects.
In §2, the adopted numerical solver is described; then in §3 the experimental case with PR induced by yaw-roll coupling is discussed because it represents the motivation and background for this work. Current physical investigation is documented in §4, and then the major conclusions are drawn. equations are stepped forward in time with a first-order scheme. In general, the deck profile and possible superstructures are immersed on the grid, so the level-set technique in reference [7] is adopted to suitably enforce the related boundary conditions. A local bottom-slamming solution (C) based on a Wagner-type [8] approach is also modelled to handle slamming during the waterentry phase of the ship. The B and C methods receive local information from solver A, the former in terms of water level and velocity distributions along the deck profile and motion conditions of the deck, and the latter in terms of relative motion and velocity at the ship bottom. In return, they provide the loads connected with the WOD and bottom-slamming phenomena, respectively. These loads are inserted in the platform-motion equations, formulated in the time domain, that can be integrated in time so as to prolong the instantaneous ship configuration provided by method A. This global wave-ship interaction solver is based on the weak-scatterer hypothesis [9] , assuming that incident waves and body motions are large relative to the scattering and radiation effects. It implies that theoretically this approximation is valid for wavelength-to-ship length ratios sufficiently large. Consistently, with this assumption, the impermeability body-boundary condition is enforced to be satisfied averagely along the instantaneous wetted hull surface defined by the incident waves and the body motions, which leads to a correction of the scattering and radiation loads obtained from linear theory. Moreover, nonlinearities are retained up to the second order for Froude-Krylov and hydrostatic loads.
The solver has been successfully validated against WOD and PR experiments on the FPSO platform examined in the next section [10] . Moreover, the method provided satisfactory results against WOD model tests and compared fairly well with added-resistance measurements on a patrol ship [11] .
(b) Extension of the solver to handle mooring-line loads In addition to the described features, here a fourth method is included for the estimation of the anchorline loads acting on a moored ship. The mooring-line system is modelled as a set of N c steel inelastic anchor-lines with weight per unit length in water equal to w c , attached to the ship through a turret at X moor and radially distributed. All cables have the same pre-tension T 0 , and the same total length L T = l s + dl moor , with l s the length of the suspended part in a sea region with water depth h and with dl moor the length of the portion laying on the sea floor. The cable projection in the horizontal plane is X T , and the horizontal tension acting at the contact point with the vessel is T h . Variable definitions and the generic arrangement of the cables are provided in figure 1 . The initial values of l s and dl moor , i.e. l s 0 and dl moor 0, are assumed the same for each cable and found enforcing equilibrium conditions in calm water under the pretension action (the needed relationships can be found, e.g. in reference [12] ). The values in time of l s and dl moor differ, in general, instead, from cable to cable, owing to the interactions with the environment, with the constraint that their sum L T remains constant for each anchorline. Taking a single cable, the changes in its configuration are induced by the platform horizontal motions. These lead to a displacement of the cable contact point with the ship. original value X T 0, as X T = X T 0 + dx moor , and leads, in general, to a variation of l s and dl moor . The horizontal tension induced by each cable on the vessel as a consequence of the action and reaction principle is obtained assuming valid a quasi-static approach but retaining a nonlinear cable description. In particular, the approach indicated as method 2 in reference [13] is followed, which involves the nonlinear constraint
This relationship is obtained combining geometric and tension links for the equilibrium of a deep-sea catenary and needs an iterative process to be satisfied. In the present case, a NewtonRaphson method is used. More in detail, at any time instant solver A provides the actual position of the cable contact point, i.e. X moor , which is used as input for the mooring-line problem to estimate the instantaneous value of X T needed in equation (2.1) . This allows to find iteratively the actual horizontal tension acting on each cable at the contact point with the ship which ensures the equilibrium of the mooring-line and preserves the value of the total cable length L T . Once known T h,i provided by each cable i, as well as the instantaneous configuration of the cables, the surge and sway force and the yaw moment induced by the whole mooring system on the ship can be estimated at the examined time instant and introduced in the body-motion equations.
(c) Resulting numerical solver
The equations of motions are solved in time domain using the approach in reference [14] . This is necessary to simulate the transient phase of the motions. The resulting strategy involves convolution integrals to express the radiation loads and strictly speaking is valid for linear wavebody interactions. However, it is also applied, in practice, to include nonlinear loads when the radiation loads are still assumed linear. In the present case, radiation and scattering effects are both assumed small, moreover, they are combined through the instantaneous enforcement of the body-boundary condition, described more in detail below in the text, so their corresponding loads cannot be separated and are expressed by means of convolution integrals.
The rigid-body motion equations are written along a body-fixed coordinate system with origin in the centre of gravity and read
with M the ship generalized mass matrix, ξ ≡ (ξ 1 , . . . , ξ 6 ) the six rigid degrees of freedom (6 d.f.), Ω the angular velocity vector (ξ 4 ,ξ 5 ,ξ 6 ) and the upper dots indicating time (t) derivatives performed along the instantaneous body axes. In equation (2.2), the six-component vector associated with the cross product is obtained through the cross-product of Ω with the first three components of Mξ , whereas the remaining components are given by the cross-product of Ω with the second three components of Mξ . A ∞ is the infinite-frequency added-mass matrix and K is the retardationfunction matrix. Nonlinear effects are included in the right-hand side in the Froude-Krylov, F 0 nlin , hydrostatic, F h nlin , slamming, F slam , WOD, F wod and mooring-line, F moor , loads. A correction is also present in the added-mass and convolution-integral terms in left-hand side of equation (2.2). This is due to the presence of β(τ ) which substitutesξ appearing in the linear equations of motion. β(τ ) is connected with the weak-scatterer assumption and is estimated in time from the bodyboundary condition
enforced on the instantaneous wetted-surface of the ship defined by the incident waves and the body motions. Here, V n is the fluid-velocity component along the hull normal vector n, V ship is the body velocity and V wave is the incoming-wave velocity. 
with β i the ith component of β, and the resulting condition (2.3) is enforced through a minimum least-square approach along the wetted hull. This provides the equations to find β. Here, N = 6 with ψ i = n i are adopted, n i being the ith component of the generalized normal vector to the ship. In this way, the retardation function matrix K can be obtained from either the added-mass or the damping coefficients estimated from the usual linear radiation problems. The obtained equations of motions are solved numerically in time using a fourth-order RungeKutta scheme. When evolving from time t to t + t, the WOD loads, the slamming loads, the convolution integral terms and the mooring-line loads are estimated in t and retained constant during the time interval t. The other loads are estimated at any time instant required by the scheme. The convolution integrals are evaluated by using a step-wise linear interpolation of K(t − τ ) and β(τ ) components and then integrating analytically from τ * < t to t with τ * chosen so that for times less than τ * the memory effects, and so the components of the retardation-function matrix, are negligible.
The adopted DD strategy can estimate only the wave-radiation potential-flow damping. Viscous roll damping from the hull is obtained from the free-decay tests performed as preliminary step of the experiments described in §3 and modelled as a linear damping in the simulations. In this way it is assumed that the damping is not affected much by the change of the natural frequency caused by motions coupling. This might be questionable; however, a better estimation would require tests with forced oscillation motions which are not straightforward. The mooringline damping for surge, sway and yaw are assumed as second-order loads with damping coefficients equal to the 10% of the corresponding critical damping. One must note that the damping loads for a given system depend on wave frequency and amplitude and on mean line tension, here this damping level is chosen arbitrarily but consistently with documented order of magnitude of the mooring-line damping [15] . The influence of this parameter is left for future investigations.
Motivation: influence of roll-yaw coupling during FPSO experiments
Three-dimensional model tests were performed at basin no. 2 (length × width × depth = 220 × 9 × 3.6 m) of CNR-INSEAN on an FPSO ship in scale 1 : 40 without bilge-keels and mooring-line system. They aimed to examine WOD and PR occurrence and features. The experimental setup was designed to restrain surge, sway and yaw by means of a gimble placed in the hull and combined with a vertical shaft. The latter slides in a bearing blocked in the horizontal plane. The gimble allows the roll and pitch motions, whereas the vertical shaft leaves free the heave. Because of the cylindrical shape of the shaft, the yaw motion should be restrained through a load cell. In reality, during the tests, the vessel experienced yaw motion owing to problems in the arrangement, as it is discussed later in the text.
The ship body plan and the main hydrostatic properties are provided in figure 2 . The roll natural period in calm water and the roll damping were estimated through free-decay tests giving a calm-water 1-d.f. roll natural period T 4n0 = 2π/ω 4n0 3.56 s and an approximated lineardamping coefficient B 44,1 0.0262B crit 44 , with B crit 44 the critical damping. This damping is relatively small for practical FPSOs because it does not include for instance the bilge keels and mooring-line effects.
The incident waves were generated as regular systems with heading angle of 180 (head-sea), 175 and 170 degrees, steepness kA between 0.1 and 0.25 with step 0.05, and wavelength-to-ship length ratios λ/L = 0.75, 1, 1.25, 1.5 and 2, which are relevant for water-shipping occurrence. This λ/L range corresponds to the calm-water roll natural frequency-to-excitation frequency ratio, .656] and so to incident-wave conditions in the region of first parametric resonance for the roll, which occurs at ω 4n /ω = 0.5 with ω 4n the actual value of the roll natural frequency. This value can be modified in waves by coupling with other motions and nonlinear effects. As a result, the experiments allowed to investigate WOD and PR phenomena and their mutual influence.
Different local and integrated quantities were monitored during the tests, particularly the rigid ship motions and the evolution of the wave-body interaction through video recordings. A detailed description of the model tests and related errors are documented in [11] , and in [10] the physical studies of interest for the present investigations are examined.
The in-depth analysis of the cases with heading angle β = 175 • complemented by numerical simulations performed with the basic solver described in §2, highlighted a relevant effect of rollyaw coupling in the occurrence of roll resonance with consequences also for the WOD severity. Preliminary results are documented in reference [4] . Here, the major outcomes, motivating the present analysis, are summarized. For β = 175 • and ω 4n0 /ω > 0.464, PR phenomena were recorded at sufficiently large steepnesses, whereas in head-sea conditions, nonlinear effects tend to avoid the instability at those frequency ratios. The reason for this different behaviour was found examining the case with ω 4n0 /ω = 0.519 and kA = 0.25 that experienced an accident and was repeated. Consistently, with the numerical simulations, the first run (run 44, see the electronic supplementary material, movie S1) was not associated with PR and produced a large amount of WOD (figure 3a) partially leaking inside the ship model and so leading to a drift in time of heave and pitch motions. The vessel was then made waterproof and the test repeated as run 46 (see the electronic supplementary material, movie S2) experiencing PR and also WOD but without leakage (figure 3b). Because, for runs 44 and 46, the prescribed incident waves are the same, but the resulting ship behaviour is different, these tests were examined more in detail so as to identify the mechanism exciting the PR in run 46. From the three-dimensional videos, the shaft used to block the yaw experienced a slack worsened by the accident during run 44 and affecting the ship's behaviour especially in long and severe waves. The evolutions of the yaw motion for run 44 and 46 are compared in figure 3c and confirm a quite limited but non-zero amplitude for the former case, indicating that the shaft had a slack even before the accident but was more limited. Run 46, experiencing much larger yaw, was then used to investigate the connection between roll-yaw coupling and PR occurrence. Figure 4 documents the phase plots for roll and yaw motions related to the four parts of the motion evolution indicated in figure 3c. At the beginning (first part), linear effects dominate and both motions oscillate with the incident-wave period; then (second part), ξ 6 becomes chaotic and the coupling with ξ 4 leads to a smaller roll natural period, in particular changing from 2T (first PR resonance) to 1.5T. In the third phase (third part), the yaw becomes regular with main period 3T and the roll is dominated by the period 1.5T and modulated by the yaw period 3T, leading to two modes in the roll phase plot. In the last part, the yaw motion is again chaotic, and nonlinear effects dominate the yaw-roll coupling.
The relevance of the yaw-roll coupling for the instability was confirmed by the DD simulations with the hydrodynamic coefficients connected with the yaw and its coupling with roll included in the motions equations. Such coefficients were estimated using the available load measurements and assuming a 2-d.f. yaw-roll coupled system. The heave, pitch, roll and yaw motions from the simulations are compared in figure 5 with the corresponding predictions assuming zero yaw and with the time histories measured for run 46 during the third phase of the evolution discussed above, i.e. the one where the yaw is dominated by the period 3T and the roll by the period 1.5T. ξ 3 and ξ 5 are not much affected by the yaw inclusion, whereas the roll motion confirms the occurrence of PR as in the experiments. The yaw amplitudes are not fully captured by the method, because of the simplifications in the identification process of the hydrodynamic coefficients connected with ξ 6 .
In this example, the restoring and damping connected with the yaw are rather large since they are associated with the slack of the shaft, whereas in the practical conditions of a moored weather-vaning FPSO, they will be connected with the mooring-line systems and therefore much more limited. Greater damping can be obtained through combining the cables with a dynamic-positioning system. These conditions are examined in §4 using the described experiments as framework in terms of ship geometry and wave conditions and therefore bilge keels and other roll-damping devices are not accounted for. Moreover, in these experiments, the sway was restrained, whereas the numerical analysis will consider also the importance of this motion and its coupling with roll and yaw.
Physical investigations
The FPSO platform examined in the model tests discussed above is assumed to be weathervaning thanks to a single-point turret system with X moor = (X moor = 0.25L, 0, 0) and made of N c = 10 anchorlines arranged radially at 72 × i ± 2.5 degrees (i = 0, 1, 2, 3, 4) from the platform longitudinal axis x (see the sketch in figure 6 ). The weight per unit length is assumed w c = 1884 N m −1 , the water depth h is taken as 200 m, the pre-tension T 0 = 2000 kN and dl moor 0 is set as l min,moor − l s 0, with l min,moor = h 2T break /(hw c ) − 1 (e.g. [12] ) and the cable break load T break = 12 000 kN. It is also assumed that the anchorlines provide a second-order damping for surge, sway and yaw with damping coefficients equal to the 10% of the corresponding critical damping. The parameters were set equal to typical values for similar FPSOs in similar operating conditions (Skjørdal 2014, personal communication).
To assess the effect of the mooring-line system, the regular head-sea conditions tested experimentally and numerically with fixed surge, sway and yaw, were examined. Unless explicitly stated, present numerical simulations were performed until t = 400T using a time step t = 0.005T, with T the incident-wave period.
(a) Parametric-roll and water-on-deck phenomena documented by the maximum amount of shipped water provided in the plot of figure 7a. The anchorlines clearly widen instead the region of PR instability around ω 4n0 /ω = 0.464 when the incident-wave steepness is large enough. They also affect the amplitudes of the PR excited even without cables, as confirmed by plot of figure 7b . In all cases, the PR severity is increased, especially at ω 4n0 /ω = 0.464. In some cases, the angles reached are very large owing to the coupling with large horizontal motions. This suggests the need of a DP system to complement the damping from the mooring-lines, because thrusters can provide linear damping up to the 60% of the critical damping.
(b) Instability phenomena and chaotic behaviour
The additional PR phenomena connected with the moored FPSO are induced by the coupling among different degrees of freedom leading to system instability whose occurrence is examined in table 2. From the results, except for the lowest steepnesses, there is a clear unstable behaviour of the system. In some severe conditions, the instability leads to the breakdown of the numerical solution owing to very large motion amplitudes and so to critical configurations of the platform. The existence domain of the motion instability is wider than that of the PR identified by a roll natural period near the first-parametric resonance. Moreover, the instability will always lead to chaotic features of the motions within a time interval that depends on the involved nonlinearities. This has been checked for ω 4n0 /ω = 0.464. With kA = 0.15, the chaotic behaviour is excited at about 200T, with kA = 0.1 and with a smaller steepness kA = 0.05 the simulation time was prolonged after 400T and showed the chaotic features around 440T for kA = 0.1 and at about 2300T for kA = 0.05. The reason for the different time intervals required for the chaotic excitation is suggested by the motion time histories. In particular, the case with ω 4n0 /ω = 0.464 and kA = 0.15 is taken as an example to show the typical features of surge, sway, roll and yaw evolutions when instability with chaotic development occurs ( figure 8) . First, the motions grow as for the usual diverging systems; this instability trend is especially evident for the yaw. Then, it seems that, once ξ 6 has reached a certain threshold value (in this case slightly before 200T), the system becomes chaotic and quite large amplitudes are observed for all horizontal motions coming into the irregular regime. The mooring-line system leads to small restoring and so to large natural periods for the horizontal motions (i.e. roughly 67, 85 and 80 s for surge, sway and yaw motions, respectively, using the restoring provided by the cables in their initial configuration). Consequently, the sway-roll-yaw coupling is not able to modify the roll natural period when PR occurs, as instead documented by the experiments with slacked shaft (see §3). However, the roll is subjected to an irregular envelope connected with the chaotic change of the sway and yaw oscillation periods. Then, ξ 4 experiences a sort of weaker chaotic behaviour, only associated with the amplitude. 
(c) Influence of motions coupling on the instability from weakly nonlinear solver
The influence of the individual motions on the occurrence and features of the unstable behaviour is examined for the same incident-wave case in figure 9 in terms of ξ 1 , ξ 2 , ξ 4 and ξ 6 at large times, i.e. t > 300T, through setting each of them separately to zero. Sway and yaw are the most important motions for instability occurrence, because by avoiding them no chaotic behaviour is induced, and only the roll is unstable owing to the parametric resonance caused by the ship interaction with the incident waves and by large heave and pitch motions. The surge and roll have a very limited effect on the amplitude level of the other motions, especially the latter, while the former tends to feed the chaotic regime occurrence. In addition, the earlier stages of the time evolution (not shown here) help in the investigation. The surge tends to delay the occurrence of the instability and affects also the beating frequency of the roll. The coupling with roll anticipates the occurrence of instability of yaw and sway. In order to understand the behaviour of the moored ship in waves, a simplified stability analysis is also carried out. Because the major coupling is expected among sway, roll and yaw, the analysis has been limited to a 3 d.f. system, for which the motion equations j=2, 4, 6 (
hold when considering the ship as a linear system. By assuming a solution ξ i = ξ ia exp(st) for the ith degree of freedom, and setting the loads F i (t) = 0, we obtain a linear equation system formally as G ξ a = 0 for the motion amplitude vector ξ a . A non-trivial solution requires a zero determinant of the matrix, leading to the polynomial equation:
whose solutions allow the investigation of the stability of the system. Because of the mooring system, the coefficients of the polynomial equation are, in general, different from zero. The damping coefficients owing to the cables are set as in the DD solver, so in the 3 d.f. system only B 22 = B c 22 , B 44 (from the hull) and B 66 = B c 66 are non-zero. Moreover, following Faltinsen [12] and from the adopted cable arrangement, the linear restoring coefficients provided by the cables are C c 22 , C c 26 = C c 62 = C c 22 · X moor and C c 66 = C c 22 · X 2 moor , whereas no linear restoring coefficients come from the hull for ξ 2 and ξ 6 , meaning that C ij = C c ij for i and j equal to 2 or 6. So, for the examined cable arrangement, the coefficient
is identically zero, i.e. Q = C 44 (C 22 C 66 − C 62 C 26 ) = C 44 ((C 22 X moor ) 2 − (C 22 X moor ) 2 ) = 0, leading to a null solution for s, whereas the other solutions are stable. Table 3 . Maximum amplitude of surge, sway, roll and yaw motions for X moor = 0.25 and 0.4 and ω 4n0 /ω = 0.464. Actually, from the numerical simulations discussed above, the system should be unstable, suggesting an influence of nonlinear effects on the restoring coefficients and so on the stability. This was investigated using the weakly nonlinear solver to simulate forced sinusoidal motions in sway, roll and yaw separately, each at the uncoupled undamped natural frequency of the selected mode and with small amplitude (5 degrees for the angular motions and 0.01L for the sway). These simulations were used to identify equivalent linear restoring coefficients assuming the restoring loads in the form F i = C n ij ξ j . This provided C n 64 , C n 46 , C n 24 and C n 42 referred to as nonlinear motion-coupling coefficients in the following. In addition, the pre-tension for each cable was varied between 1400 and 2600 kN and X moor /L between 0.15 and 0.45, so to perform a parameter investigation using reasonable values for FPSOs, also including X * moor = 0.25L and T * 0 = 2000 kN adopted in the present numerical studies.
Including C n ij in equation (4.2) and for all the values of X moor /L and T 0 , five s solutions are stable, whereas the sixth one is real and unstable and shown in figure 10 . This means that the cables are not sufficient to avoid an unstable behaviour, though the instability appears on a quite long-time evolution as suggested by the limited values of R(s). By increasing the pre-tension and/or by moving the turret position forward, the value of R(s) decreases. This means that an optimal choice of the values of X moor and T 0 cannot be identified within the geometric and tension practical limits.
To verify the trends from this simplified stability analysis, the 6 d.f. numerical solution for X * moor has been compared with the one for X moor = 0.4L, using in both cases T * 0 as pre-tension. The results are documented in table 3 in terms of maximum amplitude of surge, sway, roll and yaw motions for frequency ratio ω 4n0 /ω = 0.464 and three different steepnesses. Consistent with the stability analysis, for the lowest kA, no instability is recorded in both cases. Moreover, the weaker unstable behaviour for X moor = 0.4L is confirmed by the results at the two higher steepnesses showing a much smaller amplitude for the horizontal motions. The roll amplitude remains of similar order of magnitude for the two X moor because it is dominated by the PR owing to sufficiently large heave and pitch motions. The importance of the coupling restoring terms C ij = C n ij + C c ij , i.e. with i = j, and of the nonlinear coupling terms C n ij relative to the cable contributions C c ij , has been investigated through the simplified stability analysis. When all coupling terms are set to zero, the system is stable with three different complex solutions whose imaginary part is directly related with the corresponding resonance frequency of each degree of freedom. The same solutions are achieved for non-null C 42 , C 24 and/or C 46 and C 64 . The system becomes unstable only when C 26 and C 62 are set non-zero (independently from the presence of the other terms), and two of the three oscillatory solutions (identifiable in the yaw and sway motions) collapse in a single oscillatory solution. This confirms that the yaw-sway coupling is of major concern, causing the instability of the overall system.
In practice, owing to the cables, C c 26 and C c 62 are non-null, so a zero or unstable solution is expected. Table 4 from the cables and examining the role of the nonlinear motion-coupling restoring coefficients with X * moor and T * moor as prescribed values for the turret position and pre-tension. The first row refers to the case with all coupling terms C n ij set to zero and confirms a zero solution since Q = 0. The last row shows the case when all of them are considered, giving a positive value consistent with results in figure 10 . The remaining rows examine the cases forcing to zero separately each couple of nonlinear motion-coupling coefficients showing that the main influence arises from the terms C n 26 and C n 62 . However, also the terms C n 46 and C n 64 play an important role.
(e) Influence of heading on the instability
The motion regimes, as well as their amplitudes at large times, i.e. at t > 300T, are influenced by the wave headings. This is examined in figure 11 , still for the case with ω 4n0 /ω = 0.464 and kA = 0.15 but with headings from 0 to 180 • . Chaotic regime (indicated as C in the plots) for the motions occur in head-and bow-sea conditions. Going towards beam sea, the horizontal motions decay in time (D) and their oscillation amplitudes at large times become more limited and tend to be zero at 90 • . As a consequence of this the roll is characterized by a steady-state (SS) behaviour. In quartering-and following-sea conditions, the horizontal motions show SS features and the SS behaviour of the roll is affected by an envelope (SSE) owing to the longer natural periods of the sway and yaw motions. The highest amplitudes of ξ 2 , ξ 4 and ξ 6 occur in head and following seas while the surge is largest in quartering waves. The roll motion amplitude is less affected by the heading angle than those of the other motions. The incident-wave heading also matters for the mean values of the motions ( figure 12 ). The yaw mean value increases from 0 • to 180 • when going from head-to following-sea conditions to rotate the platform towards the wave 
x 4,moor a (°) x 6,moor a (°) direction and preserve a head-sea condition, consistently with the weather-vaning arrangement. Similarly, the surge mean value also increases, whereas the sway mean value has the maximum values towards beam-sea conditions. The recovery of head-sea conditions through the mooringline systems explains why the roll amplitude is not much affected by the heading angle, and its mean value is also very limited and changes within ±1 • .
(f) Influence of dynamic-positioning damping on the instability and cable tension Because the mooring-line systems would not provide enough damping for large incident-wave steepness and frequency close to ω = ω 4n0 /0.464, it is reasonable to combine them with thrusters. Figure 13 examines the effectiveness of a DP system in limiting the yaw and roll motions for the incident-wave case leading to the quickest breakdown of the simulations, i.e. with ω 4n0 /ω = 0.464 and steepness kA = 0.25. It is assumed that the DP system can provide a linear damping equal to the 15%, 30% or 60% of the critical damping. For this incident-wave case, the sway-roll-yaw coupling is responsible for a PR resonance in the case of a pure mooring-line system (see the enlarged view in figure 13b ). The PR is avoided by a DP giving 30% of the critical damping, whereas, among the three damping conditions, only 60% of the critical damping is suitable to control the yaw. One must note that the PR phenomena induced by the large heave and pitch motions are not avoided by the use of a DP system unless set to provide damping also for the vertical motions. In terms of cable tension, for this incident-wave case, the 30% of the critical damping reduces T h below the break load level, whereas the 15% of the critical damping is enough to avoid the cable failure for the case with ω 4n0 /ω = 0.464 and kA = 0.15 examined above. This is shown in figure 14 , also providing the results for a pure mooring-line system (square-coloured symbols). In the latter case, the failure is likely to occur near the first-parametric resonance and for waves sufficiently steep. 
Conclusion
A three-dimensional numerical hybrid potential-flow seakeeping solver, based on the weakscatterer theory for the external water-body interactions, on a shallow-water approximation for the water shipped on the deck and handling possible bottom-slamming occurrence with a local impact solution, has been extended to model the mooring-line loads. The latter are estimated assuming a nonlinear quasi-static approach requiring an iterative strategy to obtain the cable tension at the instantaneous cable configuration. The resulting solver was applied to investigate occurrence and features of PR on a weather-vaning FPSO with a turret singlepoint mooring-line system. The emphasis is given to the relevance of motions coupling and nonlinear effects on this phenomenon and on more general instability phenomena, as well as on the occurrence and severity of WOD. A parameter investigation has been carried out in terms of incident wavelength, wave steepness, heading angle, location of the turret and pre-tension. In addition, a simplified stability analysis was performed. From the results, sway and yaw tend to bring the system into an unstable regime with chaotic features. Surge and roll have a limited influence and tend, respectively, to delay and facilitate the instability. The sway-roll-yaw coupling widens the existence region of PR resonance and increases the PR severity for those events also occurring without mooring-lines. Moreover, it tends to cause larger amounts of shipped water, especially at smaller wavelength-to-ship length ratio and larger steepness. The chaotic features appear to be excited when a sufficiently large yaw amplitude is reached, suggesting an important role of nonlinear effects for the stability regime. This is confirmed by a simplified stability analysis showing the relevance of nonlinear restoring coefficients. More in detail, the coefficients connected with sway-yaw coupling are the most important and tend to destabilize the system. Then, we have the restoring coefficients associated with the roll-yaw coupling also becoming destabilized, whereas those connected with sway-roll coupling have a very limited effect. From the stability analysis, the system is always unstable for all longitudinal locations of the turret and for all pre-tensions examined; the instability weakens as the turret is moved forward and as the pre-tension is increased. The use of a suitable dynamicpositioning system can control the horizontal motions avoiding the instability and limiting the tension on the mooring, but it cannot avoid PR events induced by large heave and pitch motions unless set to provide damping also for the vertical motions.
